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Module 1:

Automata-based LTL
model-checking
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Here: Converting LTL formulas to NBA
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Here: Converting LTL formulas to NBA

Coming next: Examples



Atomic propositions AP = { p,, p, }

Alphabet:
b e e b {popa 3



F p,  Words where p; occurs sometime

(e o M i e e
{rop YU M Mo Hopopa b -
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F p,  Words where p, occurs sometime

(e o M e -
frop MM Hp H e Hpopa b -

{2}

é o1 lpus) é



G p, Words where p, occurs always

(o ot Lo Hpop i o b i -
{pop d popd Lo o b Lpopa b
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{pib 02}
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7y N —p,  Words starting with {p,}

o e H o M b e -
(e} U3 M H e Hpopa -
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7y N —p,  Words starting with {p,}

o e H o M b e -
ot Heo e Hpop b

0
{1}
O—®
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N X,

in Y i ppop Y i p )
{pop b Hen e Hpopa b
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N Xp

(o i Hpom b i b o b
{rop Hpd U H e pora b -

(»)
Y

Ap1pa} {hipd
{pibpop: @ {1 é



XX (pr A X—py)

e Y e H pop S M b b -
(o Ho Hoop Hpd Mo H e Hpopa -
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XX (p1 N Xpy)

{HHp H M o Hp i Hp b -
{2 Hoo Heop Yo U H e Hpopa -
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7 Up,

(et Hpop Mt HH i -
{rop Y Moo H e H o2 -
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71 U py

(et Hpop Mt HH i -

{rop Y H e H o Hpopa ) -

{r1}

;ql\ {pa}s {p1p2} @

</
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XppU p,
e o Hp Hp e b

Mt o Hpopa Hpopa oo
{Hpepd UM popa b -
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Xp)U p,

(Y U Heop Hp e d ) -
e {oc He Hpeop Heora b -
UApopd U M popa b

{pri}

12/17



Fp, N =Fp,

S RRRVIRR VIR RN RV RV N
o b EEE)
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Fp, N =Fp,

RERVIR RV R R RN RVIN RE
b OO ULS
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PN X=p A G(p — XXpy)

P1 7P P1 TP1 P TP1 1 TP 1
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PN X=p A G(p — XXpy)

P1 TPy P TP1 P1 TP P TP i

{pibipor}

{hie}
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G Fp, Words where p, occurs infinitely often

Mo e e e b e ) -
YO HeHp e}
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G Fp, Words where p, occurs infinitely often

(Mot Heop M Mo dH ) -
1 e b}

{p1b o2} {1} {H v}

{01} {0102}
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L PRI
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P1 P1 P1
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Summary

-
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Module 2:
LTL to NBA



Goal: Understand the evaluation of an LTL formula on an infinite word
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7 U p,
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7 U p,

it b Al e dpd e b e} popad
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7 U p,

it b Al e dpd e b e} popad
Pt
P2

nUp
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{p1}

{p1}

{p1}

7 U p,

{p1}

{2}

{p1}

{p1}

{1}

{p1pa} -

Pt

P2

nUp
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recall that
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[} 8 | {od} [leopad|lenpa}
p| o 0 0 0 1 1 1
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nUp true U (=py A X (=p, Upy)
e [ load | foad | dead | de2d | b | (b | ) [lpipad g lea!| vl o el
n|o 1 1 o 1 1 1 nl o] o] o] o f i |
P 0 o 0 0 1 0 o 0 1 » 0 1 o 0 0 1 1
nUp | 1 1 1 1 1 1 1 1 1 | 1 1 1 1 o o o
P2 1 0 1 1 1 o 0
“nUp | o 0 1 1 1 1 1
e | 08 [k | 0 [ | O e | O3 | e X(pUp) | o 1 1 1 1 1 0
oot o 1 0 1 0 1 0 1 - A XEpUp) | o 1 1 1 0 0 0
plojojojoejoejejojege meUp A XCpUp) | 1 [ 1 | 1 [ 1 |1 [ 1| o
nUp | 0 0 o [ [ 0 [ o 0
- true U —(true U p,)
T [ ed | A | A [k | £} | £ L I S R A AN AR O R S AR S BN R Y
b4 0 0 1 0 0 1 0 0 § 2 1 1 0 0 o 0 0 0 0
true | 1 1 1 1 1 1 1 1 true | 1 1 1 1 1 1 1 1 1
trueUpy | 1 1 1 1 1 1 1 1 trueUpy | 1 1 [ 0 0 [ 0 [ 0
—tueUpy | o ° 0 0 [ 0 0 0 —tueUp; | o 0 1 1 1 1 1 1 1
true U= (true Upy) | o [ 0 0 [ 0 [ [ true U= (trueUpy) | 1 1 1 1 1 1 1 1 1
= true U= (true Upy) | 1 1 1 1 1 1 1 1~ trueU—(rueUpy) | o 0 [ 0 o [ 0 [ 0
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Formula expansions

nUp true U (=py A X (=p, Upy)
fpd | o | fodd | dpdd | de2d | dedd | dedd | dedd (forp2} - 0 e | o 4| ) [fpoeadfioree
4 1 1 1 1 o 1 1 1 1 ”n 0 0 0 0 1 1 1
P2 0 o 0 0 1 0 o [ 1 n 0 1 ) 0 0 1 1
D3 U U U T T (O U I N R ' S R R I R PR O
P2 1 0 1 1 1 0 0
nUp | 0 o 1 1 1 1 1
b | £} | [ ded | G | ) | ) | ek X(pUpy) | 0 1 1 1 1 1 0
nopt o 1 0 1 0 1 0 1 —pi A XEpUpy) | 0 1 1 1 0 0 0
plojojojoejoejejojege U AXEnUp) [ 1 | 1 | 0 [ 1|1 |1 | o
nUp | o 0 o 0 0 0 0 0 0
- true U —(true U p,)
T [ ed | A | A [k | £} | £ b [dedd | £ | 43| 43 | 0| 8] Y 1
Pl oo 0 1 0 0 1 0 0 Pl 1 ) 0 [ 0 0 0 0
2 U U U U U I N 272 U T T T (O R (R '
trueUp; | 1 1 1 1 1 1 1 1 trueUpy | 1 1 [ 0 0 [ 0 [ 0
—~tueUp; | o | o | o | of o] o o]o stuweUpy | o | o [ v | 1|t | 1| 1| 1|1
true U= (true Upy) | o [ 0 0 [ 0 [ 0 true U - (trueUpy) | 1 1 1 1 1 1 1 1 1
—trueU=(rueUp) | 1 | v | 1 | t | 1| 1| 1| 1 ~tmeU=(ueUp)| o [ 0 | o | 0| o| o |o]fo]o
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Key idea: Construct automata whose states are columns of the formula
expansion
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Key idea: Construct automata whose states are columns of the formula
expansion

Next in this module: understand properties of formula expansions
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Word compatibility

1

P2
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Word compatibility

1

P2
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Word compatibility

{1}

1

P2
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Word compatibility

{1}

{p2}

1

P2
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Word compatibility

{1}

{p2}

{p1:02}

1

1

P2

1
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AND-NOT-compatibility
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AND-NOT-compatibility

¢ e[ [

¢ HENER

@ 1 0 1

&, 1 1 0

&1 A @,y 1 0 0
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X¢

X-compatibility
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X¢

X-compatibility
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X¢

X-compatibility
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Until-compatibility

1

$2

$1 U ¢,
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Until-compatibility

¢4
$, 1
é1 U ¢, 1

13/16



Until-compatibility

¢
& 1 0
é1 U ¢, 1 1
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Until-compatibility

é * 1
b2 1 0
¢, U &, 1 1|1
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Until-compatibility

é * 1
& 1 0 0
¢, U &, 1 11 0
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Until-compatibility

& 1 0 0
¢, U &, 1 11 0
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Until-compatibility

&, 1 0 1
& 1 0 0 0
¢, U &, 1 11 0 0
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Until-compatibility

&, 1 0 1
& 1 0 0 0
¢, U &, 1 11 0 oo
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Until-compatibility: eventuality condition

1

¢

¢1U¢2

14/16



Until-compatibility: eventuality condition

b1 1
#> 0
é1 U b, D
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Until-compatibility: eventuality condition

o 1|1
¢, 0|0
¢ U &, 111
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Until-compatibility: eventuality condition

o 111
o ololo
¢ U &, 1111
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Until-compatibility: eventuality condition

o 111
o olofo]o
¢ U &, 11111
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Until-compatibility: eventuality condition

o T AT A
o olojofo]o
¢ U &, 11111
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Until-compatibility: eventuality condition

&4 T AT A
o olojofo]o
¢ U &, 11111

Cannot happen forever that ¢, U ¢, =1, ¢, =1but ¢, =0
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Accepting expansions

nUp true U (=py A X (=p, Upy))
e | ot | tend |l [ et | et [ | o) et 0 L | o || i eoestliones
plo [ [ e[ [ ] oo ool 1] 1
o lolof o[t [o]o|o]n ol o T3 To 1ol o1
” o Sl e e e
oo [ ]o
oo [ [ ]
| 0wk | 0 et | 0 e | 0w ol 1|t |1 1] 1o
pl o oo [ [e] N N
nloflo[oflof[of[ofo]o]o eV A XU T T T 11 1 1]
» oo oo ofo]o|o]o
= true U =(true U p;)
o e o|ole|o|n w0 |ojolo]o]oln
plof ol i oo i [o]o o[l o] oo ool
ue| v [0 [ [ [ [ [ me | 1 |0 [ [ [ [ [ [0
pueUpy | v [ 1 [ o [0 [ o[ ] mueUp, [ 1 [ 1 [ o oo o|o]o]o
~erueUp [ o [0 [0 | oo o] a0 vemeUpy [0 [ o [0 [ 1 | 0 [0 |1
tueU=(ueUp)) [ o [ o [ o [ o [ oo oo mueU-@ueUp)| v | o[ [ ]1]|
vormeU=(erweUp) | 1 [ 1 | v [ 0 [ 1 [ v [ 1 | 1 —tueU=(meUp)| o | o[ o |o|o|[o|o]|o]o

Entry in first column of last row (corresponding to final formula) is 1
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Summary
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Module 3:

Automaton construction



7 Up, true U (—p; A X (= p, Up,))
| o | o) | e [t | o) | e | ) Jton) o les] oo e
n 1 1 1 1 o 1 1 1 1 ” 0 0 0 ) 1 1 1
P2 0 o 0 0 1 0 0 0 1 I 0 1 0 0 0 1 1
nUp | 0|0 o e [ I T I I S PO I
P2 1 0 1 1 1 ° 0
2 Up | 0 o 1 1 1 1 1
e | 0 e | O [ | 0| O | XemUm | o | 1 |1 | 1] 1] 1o
At ot oot ot “p A XEpUp) | 0 1 1 1o | oo
P2l o jojojojo]ojojoo e Upy A X (2 Upp) | 1 1 1 1 1 1o
nUp 0 0 0 0 o 0 0 0 0
- true U —(true U p,)
O [ | 0|8 [ fed | 3| 1} I T R R R AR R A A R AR )
pif oot |ofo|1]0o]o Pl 1|1t fofofo|o]o]o]|o0
ue | v |t |1 |10 |1 1| ue | v | v | [
trueUpy | 1 1 1 1 1 1 1 1 trueUpy | 1 1 0 0 o 0 0 o 0
—tueUp | o | o o o | o 0 0| o —tueUp; | o | 0 1 1 1 1 1 1 1
trueU—(tueUp) | o | o [ o[ o | oo | o] o tmeU-@ueUp)| v [ v |1 |||t ]1] 1]
—tmeU-(meUp) | v | v [ v [ 1o | o | 1 | 1| 1 ~tmeU-@meUp)| o | o[ o] o|o|o|o]o]o
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nUp true U (=py A X (=p, Upy))

ford | lad | edd | dedd | de2d | dead | edd | D) {fenad 0l | o 1o | e eoeadlipned
T T O - T (O T (O T I wlol ol oot 1]
nmlo oo ot |o|o]|o|1 ml ol 1 oo o 1|
pUp | 00 | T T P P
mlor ol |11 ]o]o
pUp | 0 | o | 1 | |||
e | O [ | 0 el | 0 [ | 0] e XepUpn | o | 0 [0 [0 01 ]o
i o oo |1 |o |1 o A XGpUp) | 0 | 1| 1t 1| oo e
| o o 0 0 o 0 o 0 0 tueU (o A X(pUpy)) | 1 1 1 1 1 1 [

nUp | o o 0 o o o 0 [ )

= true U —(true U p;)

G0 || 00| o0 Pdld | OB O[O |00
plololtfololi|o]o i fofolo|o]o]lolo

pue| v | oo o[ pue| v | o[ oo o]

rueUpy | v [ o [ o [ o | o o1 ] vueUp, | 1| 1o o] ofo]o]o]o

—tueUp | o | o o o | o 0 [} o —tueUp; | o ° 1 1 1 1 1 1 1

true U= (trueUpy) | o | o 0 o | o 0 [} 0 true U= (trueUpy) | 1 1 1 1 1 1 1 1 1
—tmeU-(meUp) | v | v [ v [ 1o | o | 1 | 1| 1 ~tmeU-@meUp)| o | o[ o] o|o|o|o]o]o

Construct an automaton with states as column vectors that can guess
accepting expansions
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Example 1: p, U p,
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$1

2

$1 U &,

* 1 0
1 0 0
1 1 1 0

Recall Until-compatibility
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$1

2

$1 U &,

Recall Until-compatibility
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o |

P2

nUp n

$1

2

$1 U &,

1 0 1
1 0 0 0
1 1 1 0 0 0

Recall Until-compatibility
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o |

P2

nUp n

$1

2

$1 U &,

o] [ [

-
-H

1 0
1 0 0
1 1 1 0

Recall Until-compatibility

-H
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P n
P2 n
nUp n
Compatible states
&4 1 0 1
&) 1 0 0 0
¢ U ¢, 1 11 0 oo

Recall Until-compatibility
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9o

)41
P2

rnUp
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9o

)41
P2

rnUp

{1}
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)41
P2
rnUp

O{Pz}

i} )~ )

9o
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)41
P2
rnUp

Hoes 0
ninEn

{r1) | ok ) @ 0

9o
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)41
P2
rnUp

e 0 e
oo c I

{r1) | ok ) @ 0

9o
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)41
P2
rnUp

I RIB T
O

{r1) | ok ) @ 0

9o
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)41
P2
rnUp

el e e
-]

{r1) Q | ok ) @ 0

9o

9o
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)41
P2
rnUp

y

o,
o

0

| ok ) @ 0

1

0

{1}

9o
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)41
P2
rnUp

y

o,
o

0

| ok ) @ 0

1

{1}

9o
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)41
P2

rnUp

{1}

90

{1}

{}

90

No compatible transition

6/15



¢ U ¢, 1 1 0 oo

—9
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&, H 1 0 1

&, 1 o 0 0
¢, U ¢, 1 1] 0 oo ‘
fe1}
q {p2} m
° L]
1
{p1or2}
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¢1U¢2

7/15



7/15



¢1U¢2
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¢1U¢2
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¢1U¢2
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{1}

&, " 1 0 1
1
&, 1 0 0 [
0
¢, U ¢, 1 1 0 [ o‘ 1 {Pl}
fe1}
{1
e\ S \Preb N
) | o 0
’ — {1
{p2} ( 1 } 0
9o
1 {1 0
1} {pa} {p1p2} {p1}
{p1p2} {1}
1 1
i}
1 0
1 0
P12}
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{1}

&, " 1 0 1
1
&, 1 0 0 [
0
¢, U ¢, 1 1 0 [ o‘ 1 {Pl}
fe1}
{1
e\ S \Preb N
| ) | o \ 0
— {1
{p2} ( 1 } 0
9o
1 {1 0
1} {pa} {p1p2} i {p1}
{p1p2} {1}
1 1
i}
1 0
1 0
P12}
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b1

$2

¢1U¢2

{1}

1
0
B 0‘ 1 {Pl}
{p1}
{1}
e\ S \Preb
fp2b | 0 0
{ — {}
e} | i 0
0 |
1 {} 0
1} {pa} {p1p2} i {p1}
{p1p2} {1}
1 1
i}
1 0
1 0

P12}
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b1

$2

¢1U¢2

{1}

1
0
B 0‘ 1 {Pl}
{p1}
{1}
e\ S \Preb
fp2b | 0 0
( — {}
e} | i 0
0 |
1 {} 0
{1
1} {pa} {p1p2} i {p1}
{p1p2} {1}
1 1
i} {1}
1 0
1 0
P12}
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{1}

#1 . 1 o |
1
[ 1 0 o o
0
d UG | A o o] . {1}
{p1}
}
e\ S \Pord s O
/
[ i) | o \ 0
I {}
{pa} ‘I 1 ‘ 0
0 /w
! / N
pa\ 2 [\t N g e |
{p1p2} {1}
1 1
i} {1}
1 0
Cannot happen forever that ¢, U $, =1, ¢, =1but , =0 1 0
P12}
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b1 . 1 0 1
é |1 o o o
1 U b 1 1 3 o|o]
fe1}

90

= -0
Cannot happen forever that ¢, U ¢, =1, ¢, =1but ¢,
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Example 2: (X p,) U p,
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9o
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{

9o
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% {} % {p} H { P10}

1 1
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{} 0 {pi} o | {pvpa} 1
9o

1 1
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{} 0 {pi} o | {pvpa} 1
9o

1 1 0
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{} 0 {p} o | {pvpa} 1 {2}
9o

1 1 0
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{} 0 {p} o | {pvpa} 1 {2} 1
9o

1 1 0 1
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{} 0 {p} o | {pvpa} 1 {2} 1
9o

1 1 0 1
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Coming next: Construction for an arbitrary LTL formula ¢
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Step 1:

List down subformulae of ¢



Step 1:  List down subformulae of ¢

P
P2

nUp

11/15



Step 2:  Check AND-NOT and Until compatibility



Step 2:  Check AND-NOT and Until compatibility

b4 n

P n

P2 n Xp1 n

1 Up Xp)Upy n

Incompatible states!
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Step 2:  Check AND-NOT and Until compatibility

P n

P n

P2 n Xp1 n
nUp Xp)Up, n

Incompatible states!

Remove incompatible states and add a new state {g,}
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Step 3: Add transitions satisfying

Word, X and Until compatibility



Step 3: Add transitions satisfying

Word, X and Until compatibility

:
P 0 P02} 1
Xp | 1
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Step 3: Add transitions satisfying

Word, X and Until compatibility

~
-

7|0 223 1

Xpy 1

Xp1)Upy 1

1} o |

90

From ¢, add compatible transitions to states where last entry is 1
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Step 4: Accepting states should ensure Until-eventuality condition
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Step 4: Accepting states should ensure Until-eventuality condition

For every Until subformula ¢, U ¢,, define

Fy u g, t set of states where ¢ U ¢, =0or ¢, =1

14/15



Step 4: Accepting states should ensure Until-eventuality condition

For every Until subformula ¢, U ¢,, define

Fy u g, t set of states where ¢ U ¢, =0or ¢, =1
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Final automaton sz¢



Final automaton szqs

» Compatible states + ¢,



Final automaton szqs

» Compatible states + ¢,

» Compatible transitions



Final automaton szqs

» Compatible states + ¢,
» Compatible transitions

» If no Until subformula, then every state is accepting



v

v

v

v

Final automaton szqs

Compatible states + ¢,
Compatible transitions

If no Until subformula, then every state is accepting

Otherwise, accepting set for each Until subformula: {F|,F,,...



v

v

v

v

\4

Final automaton szqs

Compatible states + ¢,

Compatible transitions

If no Until subformula, then every state is accepting

Otherwise, accepting set for each Until subformula: {F,F,,...,F,}

This will be a Generalized NBA (GNBA)



Final automaton szqs

v

Compatible states + ¢,

v

Compatible transitions

v

If no Until subformula, then every state is accepting

v

Otherwise, accepting set for each Until subformula: {F,F,,...,F,}

\4

This will be a Generalized NBA (GNBA)

Every GNBA can be converted to an equivalent NBA (Unit 6 - Module 4)



Final automaton szqs

v

Compatible states + ¢,

v

Compatible transitions

v

If no Until subformula, then every state is accepting

v

Otherwise, accepting set for each Until subformula: {F,F,,...,F,}

\4

This will be a Generalized NBA (GNBA)

Every GNBA can be converted to an equivalent NBA (Unit 6 - Module 4)

In general, this algorithm gives NBA which is exponential in size of
formula



